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ABSTRACT

A theoretical model for predicting the probability of particle deposition in
crossflow filtration of power law slurry is developed. The model is based on the
critical angle of friction between depositing particles, which can be estimated by
analyzing the forces exerted on the particles. The binding force between the parti-
cles due to polymer adsorption plays an important role in the particle deposition.
The smaller the flow behavior index of the slurry is, the larger the binding force
and the higher the probability of particle deposition will be. The effects of operating
conditions such as the crossflow velocity of the slurry and the filtration rate on
the probability of particle deposition are also discussed in depth. The calculated
values of the probability of particle deposition agree fairly well with the experimen-
tal data. A program is designed to simulate the packing structure and the porosity
at the cake surface. The porosity increases not only with the increase of the
crossflow velocity, but also with the increase of the flow behavior index of the
power law slurry.

Key Words. Particle deposition; Crossflow filtration; Power law
slurry; Filtration
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INTRODUCTION

Crossflow filtration is a highly efficient mode of solid-liquid separation.
Since the growth of the filter cake is limited by the high shear stress acting
on the surface of the filter septum due to the tangential bulk flow of the
slurry, this mode of filtration has many advantages, such as thinner cake
thickness, higher filtration rate, longer operation time, etc. It has attracted
the attention of both plant engineers and researchers in the field of fil-
tration.

Several kinds of theories for crossflow filtrations have been proposed (1)
such as the concentration polarization model (2—-4), the particle deposition
model (5), and the hydrodynamic model (6—10). However, most research-
ers limited their focus to Newtonian slurry. The mechanism of the
crossflow filtration of power law slurry has not been well studied.

Since many power law fluids are the polymer’s aqueous solution, the
polymeric molecules may be adsorbed on the particle surfaces during fil-
tration. In the research of Kozicki (11), several phenomena, such as the
slipping flow of power law fluid across the particle surfaces, polymer
adsorbed on the particle surfaces, and the increase of the flow behavior
index of the filtrate, have been observed. Kozicki et al. (12) also found
that the adsorption layer of the polymer on the particle surfaces became
thicker if the size of the particles or polymeric molecules increased. Re-
cently, by analyzing the forces exerted on the depositing particles, the
critical angle of friction between particles in the ‘‘dead-end’’ cake filtration
of power law slurry was calculated by Hwang and Lu (13). They also
proposed a dynamic method for simulating the packing structure of parti-
cles on the cake surface and the variations of local cake properties during
the course of filtration.

In crossflow filtration to determine the cake growth rate the size distri-
bution and packing structure of the particles in the filter cake are essential
knowledge for grasping the rate of filtration. Lu and Ju (8) proposed a
moment balance model for estimating the critical cut-diameter of particles
which can deposit stably on the cake surface. Lu and Hwang (10) devel-
oped a model based on force balance for calculating the critical angle of
friction between depositing particles under variods operating conditions.
By using this model, the probability of particle deposition and the size
distribution of the particles of the cake in a crossflow filtration of Newton-
ian slurry can be estimated.

In this article the analyses of the author’s recent researches (10, 13) are
extended to study the probability of particle deposition on the cake surface
in the crossflow filtration of power law slurry. A program has also been
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designed to simulate the packing structure of particles and to estimate the
porosity on the cake surface.

THEORY

In this section the forces exerted on particles which stay on the surface
of a filter cake are analyzed in order to calculate the value of the critical
angle of friction between particles. A theory based on the critical angle
of friction is developed to estimate the value of the probability of particie
deposition under various conditions. The packing structure and cake po-
rosity can then be simulated.

Critical Angle of Friction between Particles

Figure 1 depicts the deposition of slurry particles onto a cake surface
in a two-parallel-plate crossflow filtration system. Particle B in the figure
is a particle deposited stably while Particle A is a particle just arriving at
the cake surface and touching Particle B. The angle B is known as the
“‘angle of friction.”” The drags and forces exerted on Particle A caused
by fluid flow or other particles of the system can be summarized as: 1)
the tangential drag parallel to the filter septum due to slurry flow, F,; 2)
the net drag normal to the filter septum, F,,, which involves the drag due
to filtrate flow and the inertial lift force; 3) the net gravity force of the
submerged particle, F,; and 4) the binding force between particles due to
the surface adsorption of polymeric molecules, F;. The force due to
Brownian motion of particles is neglected in this study since the diameter
of the particles used is larger than 1 pm.

The force balance equation at the critical condition under which Particle
A can stick at the position where it touches Particle B is (10)

(Fg + Fo)cos Be + Fysin Be = f[Fi + (Fy + Fy) sin B + F, cos B.]
(n

where 3. is the critical angle of friction and f. is the friction coefficient
between particles. The left-hand side of Eq. (1) is the net tangential force
exerted on Particle A, the direction of which is vertical to the line connect-
ing the two gravity centers of Particles A and B, while the right-hand side
is the frictional force between the particles. When B < B., the frictional
force is larger than the net tangential force; then Particle A will deposit
stably at its original position. In contrast, if § > B., Particle A will leave
the touched location and move until it touches another particle or the
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FIG. 1 A two-dimensional crossflow filtration system.

filter septum. Prior to calculating the value of B., each term in Eq. (1)
should be analyzed.

Tangential Drag Parallel to the Filter Septum

For most crossflow filtrations, the velocity of slurry which flows parallel
to the septum is far larger than the permeating velocity of the filtrate. Thus,
it can be reasonably assumed that the velocity profile of the tangential fluid
flow will not be affected very much by the permeating flow of filtrate and
can be expressed as (14)
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(n+ 1Yn
rlvea IR g
U n+1 H
where u, is the average velocity of the slurry, H is the clearance of the
filter channel, and » is the flow behavior index of the power law slurry.
At a point very near the filter septum, the velocity profile of the fluid
whose direction is parallel to the filter septum may be assumed to be

linear; that is, the gradient of velocity and the shear stress acting on the
filter septum are

du u, ([4n + 2
5 =5 ®
and
u [4n + 2\Y"
S 1] @

respectively. Compared with the experimental data of Kostic and Hartnett
(15), the values of the shear stress acting on the filter septum calculated
by Eq. (4) have a deviation of less than 10%. Thus, the apparent viscosity
of the power law fluid in the region very near the surface of the filter
septum is a constant.

Since the local velocity of the fluid is very low near the filter septum,
the tangential drag exerted on Particle A can be evaluated by using the
reflection method (16):

Fo = 2uKa®> " [(ua)" — (upoa)" — (uhon)" — (u$0a)"] (5)

where K is the fluid consistency index, « is the radius of Particle A, ua
is the velocity of Particle A with respect to the fluid flow, upoa is the
reflecting velocity of Particle B on Particle A, and the superscript ‘‘c”’
represents the reflecting velocities owing to the existence of the filter
cake. Each reflected velocity is analyzed below.

(1) us. According to Eq. (3), the undisturbed velocities at the gravity
centers of Particles A and B are

s[4 2 .
uA=%<n; )[b+(a+b)sm[3] 6)
and
(4n + 2
uB:%(": )b 7

respectively. Thus, the velocity ua can be obtained from Eq. (6).
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(2) usoa - Extending the analysis of Lu and Hwang (10) for this system,
the value of upea can be given by

b 3 - 3. -
Ulon = UB (a n b)(i cosB i + 7 sin B k) 8)

where 7 and & are the unit vectors, the directions of which are parallel
and vertical to the line connecting with the gravity centers of these two
particles, respectively.

(3) uSoa. From the results of Goldman et al. (17), who calculated the
drag exerted on a particle in a couette flow near a plane wall, u40a can
be given by

9 a
(aoa)" = ‘R(b T (a + b)sin B) uA ©)
(4) ufoa. O'Neill (18) proposed an expression of the tangential drag
exerted on a particle which stays on a plane in a simple shear flow:
F, = —1.7009[6mmbusz] (10)

where 7 is the apparent viscosity of the fluid and 1.7009 is the wall correc-
tion factor of Stokes’ law. Therefore, ufioa can be given by

usoa = 1.7009upoa (11
Once Egs. (6), (8), (9), and (11) are substituted into Eq. (5), the tangen-
tial drag exerted on Particle A can be estimated.
Net Drag Normal to the Filter Septum

Since the flow rates of the filtrate are very low for most filtrations, the
normal drag can also be calculated by using the reflection method, that
is,

Fn = 2nKa?* " "[(va)" — (vBoa)” — (vaoa)” — (vmoa)"] (12)

where vy is the relative velocity between Particle A and the fluid in the
direction of filtration and can be calculated by

va = 4 — 1 (13)

in which g is the filtration rate and v, is the inertial lift velocity. By solving
the Navier-Stokes equations, Vasseur and Cox (19) derived an expression
for the lift velocity of a sphere very near a bounded wall in a linear profile
of the tangential fluid flow. This can be expressed as
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61 (1) (dpY
- S
The negative sign on the right-hand side of Eq. (14) is due to the opposite
direction of v, with respect to g.
Each reflecting velocity in Eq. (12) can be calculated by extending the
analysis of Hwang and Lu (13) to the ‘‘dead-end’’ cake filtration of power

law slurry; therefore, the normal drag exerted on Particle A can be esti-
mated when the rheology of slurry and the operating conditions are given.

Net Gravity of the Submerged Particle

This body force can be simply expressed as
™
Fg = ¢ (ps — pleds (15)

where p, and p are the densities of the particles and fluid, respectively.

Binding Force between Particles Due
to Polymeric Adsorption

The adsorption of polymer molecules on the particle surface due to
polymer bridging will result in a binding force between particles (20, 21).
This binding force is mainly affected by the dosage of the polymer (21),
the configuration of the added polymer (20), and the effective contact area
between the polymer and the particles (22). Because this force is often
difficult to estimate theoretically, it is measured using various experimen-
tal methods. In this study it is assumed for simplicity that this force de-
pends on the concentration of the polymer solute, the shear stress acting
on the surface of the filter septum, and the diameter of the particles.
Therefore, this force may be expressed as

Fi = D(1w, Cs)dy (16)

where D(r.,, C) is a function which depends on the shear stress acting
on the surface of the filter septum, 7y,, and the concentration of the poly-
mer solute, Cs. An experimental correlation for Celite 545 particles dis-
persed in sodium polyacrylate aqueous solution,

Fi = 545 x 101, — 2)(Cs — 0.000244)d32* (17

was obtained at 25°C in the range of Cs < 2000 ppm and 1, < 6 N/m? in
this study.
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Once the friction coefficient has been measured by a crossflow filtration
system (13, 23), the value of B. for a given condition can be estimated
from Eq. (1).

Probability of Particle Deposition

When a particle is transported and arrives at the cake surface, whether
it will deposit or move away is determined by the net force exerted on it.
Since the drag exerted on a depositing particle is determined by the point
at which it touches the cake surface, there is a probability of deposition
for each size of particle under a given operating condition. Once the value
of the probability of deposition is known, the size distribution of the depos-
ited particles, which is the main effect on filtration resistance, can be
obtained accordingly.

In this study the probability of particle deposition is estimated by using
two methods described below.

Calculated from the Value of B,

The probability of particle deposition can be calculated by the following
equation (10):

the area at which particles can deposit
the area to which particles can be transported

P(dp) = (18)
where P(d,,) is the probability function of particle deposition, which is a
function of the particle diameter, d,,. Considering particles depositing on
a deposited particle such as Particle B shown in Fig. 1, Eq. (18) can be
rewritten as

Be

P(dy) = —5 (19)

for a two-dimensional analysis.

Calculated from Experimental Data

From the results of Shah and Lord (24), one knows that the effect of
sedimentation of particles carried by a power law fluid can be neglected
in our operating conditions. Thus, it is reasonable to assume that the size
distribution of particles which are transported and arrive at the cake sur-
face is the same as that in slurry.

Taking a mass balance for a thin layer located at the surface of a filter
cake, one can give
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(the mass of the particles with a diameter of d, which are deposited on

cake surface in a time period) = (the mass flux of particles arriving at

the cake surface in a time period)-(the ratio of particles with a diameter

of d,, in the slurry)-(the deposition probability of particles with a diame-
ter of d,,)

or

Nufcldp)d(dy,) = Cogfoldyp)d(dy)P(dy) (20)

where N,, is the mass flux of particle deposition, Cy is the concentration
of the slurry, g is the filtration rate, and f.(d,) and fo(d,) are the frequency
functions of the cake and slurry for the particles which have a diameter
of d,,, respectively. Equation (20) can be rearranged as

Nufc(dp)

Pldp) = Coafold,)

2n

When the values of Ny, ¢q, fc(dp), and fo(d,,) are measured from experi-
ments, P(d,) can be obtained by using Eq. (21).

Simulation of Particle Packing on Cake Surface

Based on the calculated value of B., the packing structure and porosity
at the cake surface can be simulated by a version of the simulation process
of Lu and Hwang (10).

EXPERIMENTAL

The crossflow filtrations were carried out by using the two-dimensional
crossflow filter shown in Fig. 2. The details of the filter design can be
found in the authors’ recent paper (9).

Power law fluid was prepared by adding sodium polyacrylate into deion-
ized water. A Celite 545 particulate sample with a mean diameter of 32
pm was gradually dispersed into a sodium polyacrylate aqueous solution
using a mechanical stirrer. The filter paper Whatman #2 was used as the
filter septum in filtration experiments. A slurry containing 1% Celite by
weight was pumped into the filter using a circulation pump. and the con-
centrated slurry was recycled back into the slurry tank. The clean filtrate
received by a receiver was placed on a load cell to determine the amount
of filtrate. At the end of each experiment, the flow behavior of the filtrate
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FIG. 2 A schematic diagram of crossflow filtration.

was determined by a Haak viscometer, and the formed cake was carefully
scraped and sent to determine its wet and dry mass and to analyze the
particle size distribution using a Microtrac optical size analyzer. After
several experiments with various terminus times under the same operating
condition, the instantaneous mass flux of particle deposition was deter-
mined from the slope of the tangent of the curve of the dry cake mass
versus time.

RESULTS AND DISCUSSION
Probability of Particle Deposition

The effect of the flow behavior index of the power law slurry on the
probability of particle deposition is illustrated in Fig. 3. The values of
P(d,) shown in the figure are calculated using Eq. (19). When the value
of n of the slurry decreases, the rate of increase of the tangential drag
exerted on the particles at the cake surface is less than that of the net
normal drag, and a larger quantity of polymer is dissolved in the slurry,
which results in a larger binding force between the particles. Both these
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FIG. 3 Effects of flow behavior index and particle size on the probability of particle
deposition.

two effects will cause particles to more easily deposit on the cake surface;
therefore, the values of P(d,) increase with the decrease of n for a given
operating condition. For the cases of n = 0.8 and 1.0, the binding forces
are very small compared with the other forces or drags since a small
amount of sodium polyacrylate was dissolved in the slurries; thus, the
deposition of particles is mainly influenced by the drags exerted on the
particles, and the probability will decrease with the increase of the diame-
ter of particles. This tendency is similar to that in the crossflow filtration
of Newtonian slurry (10). However, when the value of n decreases, the
binding force increases its order of magnitude and plays a more important
role in particle deposition. The curve of n = 0.7 shows that the value of
P(d,) increases gradually as d, > 24 pm. This is due to the fact that the
amount of binding force is proportional to d32* (see Eq. 17). The increase
of the binding force causes the particles to more easily deposit when the
particle size is greater than 24 pm. For the condition of n = 0.6, the
influence of the binding force becomes more significant; that is, the value
of P(d,) increases quickly when d, > 8 pm and reaches 100% when d,
> 22 pm.
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Figure 4 illustrates how the crossflow velocity of slurry affects the value
of P(d,). Just as in Fig. 3, the calculated value of P(d,) for a given value
of u, will decrease with d,, for small particles and will increase with d,
for large particles. Comparing the curves shown in Fig. 4, it is found that,
in the range of d, < 30 wm, the smaller the value of u; is, the larger the
value of P(d,) will be. This is due to the fact that a smaller s will result
in a smaller tangential drag and cause a particle to more stably remain at
the cake surface. However, in the range of d, > 30 um, the effect of the
binding force is greater than that of the other drags and forces. Since the
value of the binding force is proportional to that of the shear stress acting
on the cake surface (see Eq. 17), a higher crossflow velocity will result
in a larger value of P(d,) for a given particle size.

Figure 5 shows the calculated values of P(d,) under various filtration
rates. For a given particle diameter, a higher filtration rate will result in
a larger normal drag exerted on a particle which stays at the cake surface
and will increase the stability of the particle and the value of P(d,). For
a higher filtration rate, e.g., ¢ = 10~* m*/m?-s, the particle deposition is
mainly influenced by the frictional drag since Fyq > F;. Therefore, the
tendency of the curve is similar to that of the crossflow filtration of New-

70
L RO ¢ /m?
q=10"° m? mn;s
dw=2x10" m
Ro=1x10"" m™!
60 - n=0.7 /
R
S
~ f
Z
[a
50 +
40 1 | 1 1 \ 1 1 | 1
Q 10 20 30 40 50

FIG. 4 Effects of crossflow velocity and particle size on the probability of particle
deposition.
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FIG. 5 Effects of filtration rate and particle size on the probability of particle deposition.

tonian slurry (10). A particle with a diameter smaller than the critical value
will deposit stably on the cake surface, and the probability of particle
deposition will decrease with particle diameter when the particle size ex-
ceeds the critical value. However, for a lower filtration rate, the binding
force may cause an increase of P(d,) for a larger particle. For the case
of g = 10~7 m3/m?:s, the value of P(d,) will increase monotonously with
dp, since the binding force will play a dominant role in particle deposition.

The theoretical values and experimental data of P(d,) are piotted in
Fig. 6 to demonstrate the reliability of the proposed theory. The curves
shown in the figure are the results calculated by using Eq. (19), while the
experimental data were calculated using Eq. (21). Under the operating
conditions of this figure, the frictional drag is larger than the binding force;
thus, the values of P(d,) decrease with the increase of d,. Though the
results show good agreement between the calculated and experimental
data, there exists a deviation of about 10% for a larger filtration rate. This
may be due to a larger number of particles instantaneously arriving at the
cake surface for such a case. When a depositing particle is obstructed by
other particles during deposition, it has more opportunity to stay on the
cake surface. Therefore, the predicted values of P(d,) may be underesti-
mated for larger filtration rates.



11: 36 25 January 2011

Downl oaded At:

1328 HWANG AND LU

100

50

P(d,) (%)

e cal. exp.
- q=6.4x107, m/s )
5.6x10-‘ m/s_ — =
R 1.6x107" m/s.._.. -
4} 1 1 [ I I 1 1 1 1
0 5~O6 100
dpx10° (m)

FIG. 6 Comparison of probability of particle deposition between the experimental data
and calculated results.

Packing Structure of Particles and Porosity
at the Cake Surface

The version of the simulation process of Lu and Hwang (10) was carried
out to simulate the packing structures of particles at the initial stage of
crossflow filtration. Figures 7(a)-(c) show the simulated packing struc-
tures of spherical particles whose size distribution is the same as that of
Celite 545 used in experiments under the same conditions as those in Fig.
3 for three different values of n. It can be found from the figures that the
particles are packed at an angle with respect to the direction of filtration,
which is similar to those in crossflow filtration of Newtonian slurry (10).
Furthermore, since the probability of particle deposition increases with
the decrease of flow behavior index (from Fig. 3), a larger quantity of
particles will deposit to form a more compact cake under a smaller value
of flow behavior index.

Figure 8 shows the simulated porosity at the initial stage of deposition
of spherical particles under various n. The regressing curve shown in the
figure illustrates that ¢; increases almost linearly with the increase of n.
This tendency is similar to that of cake filtration of power law slurry (13).
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FIG. 8 Effects of flow behavior index on the packing porosity of spherical particles.
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F1G. 9 Effects of crossflow velocity on the packing porosity of spherical particles.
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Figure 9 illustrates how the crossflow velocity affects the packing poros-
ity of particles at the cake surface. Since the increase of u, will decrease
the value of P(d,) and the size distribution of particles in the cake, these
effects will increase the porosity of particles packed at the cake surface
(10). Therefore, the regressing curve shows that the higher the crossflow
velocity is, the larger the cake porosity will be. However, for a low value
of us such as u; < 0.7 m/s, the effect of the binding force on the particle
deposition becomes more important and results in larger values of P(d,),
the size distribution of particles in the cake, and porosity for a smaller
us. As a result, the smallest value of cake porosity exists at u, = 0.65 mys.

In general, the value of specific filtration resistance of a cake will be
determined by the size and the physical properties of particles and the
porosity of the filter cake, When the cake porosity and the size distribution
of particles have been known by using the method proposed by this study,
the filtration resistance and the steady flux can then be estimated.

CONCLUSION

By analyzing the forces and drags exerted on depositing particles, the
values of the critical angle of friction between particles under various
conditions have been determined. The calculated value of the critical angle
of friction has been used to estimate the probability of particle deposition
and has been used to simulate the packing structure on the cake surface.
Filtration of a slurry with a smaller flow behavior index will result in a
larger probability of particle deposition for a given particle size and in a
larger value of packing porosity on the cake surface. The binding force
between the particles due to polymer adsorption plays an important role
in particle deposition when its order of magnitude is the same as that of
the frictional drag exerted on the particles. A larger binding force will
cause the particles to deposit more stably on the cake surface and to pack
into a more compact cake. The binding force may also cause a large parti-
cle to have a larger value for the probability of particle deposition com-
pared to that of a small particle. This phenomenon is very different from
that in the crossflow filtration of Newtonian slurry. in which the probabil-
ity of particle deposition decreases monotonously with the increase of
particle size. The effects of operating conditions such as the crossflow
velocity and filtration rate on the probability of particle deposition and
on the packing porosity at the cake surface have also been discussed in
depth. The porosity at the cake surface increases not only with the in-
crease of the crossflow velocity, but also with the increase of the flow
behavior index of the power law slurry. The calculated values of the proba-
bility of particle deposition agree fairly well with the experimental data.
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NOMENCLATURE

a radius of Particle A (m)

b radius of Particle B (m)

Co concentration of slurry (kg/m?)

Cs concentration of polymer (ppm)

d, diameter of particles (m)

fe frictional coefficient (—)

foldp), foldy) frequency functions of cake and slurry for the diameter
dp, respectively (—)

F, gravity force (N)

F; binding force between particles (N)

Fa normal drag exerted on particles (N)

F, tangential drag exerted on particles (N)

g acceleration of gravity (m/s?)

H clearance of the filter (m)

i,k the unit vectors, the directions of which are parallel
and vertical to the line connecting the gravity centers
of two specified particles

K fluid consistency index (N-s*/m?)

n flow behavior index (—)

N, mass flux of particle deposition (kg/m?-s)

P(d,) probability of particle deposition (%)

q filtration rate (m*/m?-s)

R, filtration resistance of the filter septum (1/m)

s mass fraction of solid in slurry (—)

t filtration time (s)

u tangential velocity of slurry (m/s)

u, average crossflow velocity of slurry (m/s)

v permeating velocity of filtrate (m/s)

v, inertial lift velocity (m/s)

y distance from the surface of filter septum (m)

Greek Letters

B friction angle between particles (rad)
€ porosity at cake surface (—)
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apparent viscosity of power law fluid (N-s/m?)
density of particles (kg/m?)

density of fluid (kg/m?)

shear stress on the filter septum (N/m?)

Subscripts

w 6 o

10.

11.

12.

13.

14,

16.

Particle A
Particle B
critical condition
slurry
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